The notion of the frame of the unit ball of Banach spaces was introduced to construct a new calculation method for the Dunkl-Williams constant. In this paper, we characterize the frame of the unit ball by using -extreme points and extreme points of the unit ball of two-dimensional subspaces. Furthermore, we show that the frame of the unit ball is always closed, and is connected if the dimension of the space is not less than three. As infinite dimensional examples, the frame of the unit balls of 0 and are determined.
Introduction
Throughout this paper, the term "Banach space" always means a real Banach space of dimension greater than or equal to two. If A and B are two subsets of a Banach space such that A ⊆ B, let Int (A ∩ B) and ∂ (A ∩ B) denote the relative interior and relative boundary of A with respect to B, respectively.
The notion of the frame of the unit ball of Banach spaces was introduced in [15] to construct a new calculation method for the Dunkl-Williams constant. Let X be a Banach space, and let X * be its dual space. Then B X and S X are, respectively, the closed unit ball and unit sphere of X . For each ∈ S X , let ν( ) = { ∈ S X * : ( ) = 1}, that is, let ν( ) be the subset of S X * whose members are the support functionals for B X that support B X at ; see, for example, [14, Definition 5.4 .23]. Let SF(B X ) denote the set of all support functionals for B X satisfying = 1, that is, SF(B X ) = ∈S X ν( ). For each ∈ SF(B X ), the closed convex subset F ( ) = −1 ({1}) ∩ B X of S X is called the exposed face of B X with respect to . We remark that if ∈ S X , then ∈ F ( ) if and only if ∈ ν( ). Since ν( ) = ∅ for all ∈ S X by the Hahn-Banach theorem, we also remark that S X = {F ( ) : ∈ SF(B X )}. The notion of exposed faces of B X is an important tool for the study of Banach space geometry. The readers who are interested in this topic are referred to Aizpuru and García-Pacheco [1, 2] , and García-Pacheco [7, 8] . The frame of the unit ball is defined using the relative boundary of exposed faces. Namely, we define the edge E( ) of B X with respect to by E( ) = ∂ (F ( ) ∩ −1 ({1})). Then, the frame of the unit ball frm(B X ) is given by frm(B X ) = {E( ) : ∈ SF(B X )} In [15] , a simple relationship between the frame and extreme points of B X was given. Let ext(B X ) denote the set of all extreme points of B X .
Theorem 1.1 ([15]).
Let X be a Banach space. Then, ext(B X ) ⊆ frm(B X ). In particular, frm(B X ) = ext(B X ) if dim X = 2.
Hence, the frame of the unit ball is closely related to extreme points. However, if dim X ≥ 3, the equality in the preceding theorem cannot be expected. Then, it is natural to ask what kind of set equals frm(B X ) when dim X ≥ 3.
We recall the notion of -extreme point. The definition adopted here can be found in [13, 18] (cf. [3] ).
Definition 1.2.
Let X be a Banach space, and let be a positive integer such that dim X ≥ + 1. An element ∈ S X is said to be a -extreme point of B X if { The notion of -extreme points is a natural generalization of that of extreme points. We remark that 1-extreme points coincide with extreme points.
In this paper, we characterize the frame of the unit ball using -extreme points and extreme points of the unit ball of two-dimensional subspaces. Furthermore, we show that the frame of the unit ball is always closed, and is connected if the dimension of the space is not less than three. As infinite dimensional examples, the frame of the unit balls of 0 and are determined.
Characterization using -extreme points
In this section, we present a characterization of the frame of the unit ball using -extreme points. We start this section with the following lemma which can be found in [14, Theorem 1.3.14] . We give the proof of the first lemma only for the sake of completeness.
Lemma 2.1.

Every closed, convex, absorbing subset of a Banach space includes a neighborhood of the origin.
Proof. Let C be a closed, convex, absorbing subset of a Banach space X , and let D = C ∩ (−C ). Then, the subset D of C is also closed, convex, and absorbing. From this, it follows that X = ∈N D. The Baire category theorem assures that Int D = ∅, which implies that
This proves the lemma.
For each subset A of a Banach space, let A and co(A) denote the linear span and convex hull of A, respectively. The following is the main theorem in this section.
Theorem 2.2.
Let X be an -dimensional Banach space. Then frm(B X ) = ext −1 (B X ).
Proof. Suppose that ∈ S X \ext −1 (B X ). Then, there exist -elements 1 2 of S X such that { } =1 is linearly independent and = 1
=1
Take an arbitrary ∈ ν( ). Since ( ) ≤ 1 for each and =1 ⊆ R and
However, from the fact that { } =1 is linearly independent, we obtain α =
=1 α for all = 1 2 − 1 and
∈ A. Then, we also have
∈ A for all > K since 0 ∈ A. Therefore, there exists a positive real number such that B ker ⊆ A by Lemma 2.1, which implies that
This shows that ∈ F ( ) \ E( ), and thus ∈ frm(B X ).
Conversely, let ∈ S X \ frm(B X ), and let ∈ ν( ). Then, ∈ F ( ) \ E( ), and so there exists a positive real number such that + B ker ⊆ F ( ). Since dim X = , we have dim ker = − 1. 
In particular,
On the other hand, it follows from = − −1
=1 is linearly independent, we obtain α 1 = α 2 = · · · = α . This and =1 α = 0 together imply that
Thus, the set { + } =1 is linearly independent, and hence ∈ ext −1 (B X ). This completes the proof.
From the fact that ext 1 (B X ) = ext(B X ), one has the following result as a corollary of the preceding theorem.
Corollary 2.3 ([15]).
Let X be a two-dimensional Banach space. Then frm(B X ) = ext(B X ).
In 1960, Singer [16] introduced the notion of -strictly convex space. For ∈ N, a Banach space X is said to be -strictly convex if for any + 1 elements
implies the linear dependence of { 1 2 +1 }. For the complex version of this notion, the readers are referred to Liu-Zhuang [13] and Zhuang [18] . We shall recall Singer's characterization of -strict convexity (cf. [16, Theorem 1] or [17, Lemma 4.2] ). The proof to be given here is based on the sharp triangle inequality for -elements which is due to Kato-Saito-Tamura [12] : For any nonzero elements 1 2 of a Banach space, the sharp triangle inequality
Theorem 2.4 (Singer, 1960 [16]).
A Banach space X is -strictly convex if and only if ext (B
Proof. It is enough to prove that ext (B X ) = S X implies the -strict convexity of X . Let
Then, by the sharp triangle inequality, we have
+1 } is linearly dependent since ext (B X ) = S X . The proof is complete.
As a consequence of Theorems 2.2 and 2.4, we have the following result.
Corollary 2.5.
An -dimensional Banach space X is ( − 1)-strictly convex if and only if frm(B
X ) = S X .
Characterization using extreme points of the unit ball of two-dimensional subspaces
To present a characterization using extreme points of the unit ball of two-dimensional subspaces, some preparations are needed. The proof of the following lemma can be found in [15, Lemma 3.3] .
Lemma 3.1.
Suppose that X is a Banach space, that ∈ S X and ∈ ν( ), and that ∈ ker \ {0}. Then there exist
As an easy consequence of Lemma 3.1, we have the following result.
Proposition 3.2.
Proof. It is enough to prove that S X ⊆ co(frm(B X )). Let ∈ S X , and let ∈ ν( ). Take an arbitrary ∈ ker \ {0}.
By the preceding lemma, there exist
, and + 1 +
2 ∈ E( ). If 1 2 = 0 then ∈ E( ), and so we assume that 1 < 0 < 2 . Then, it follows that
This shows the proposition.
The very famous Krein-Milman theorem states that every nonempty compact convex subset of a Hausdorff locally convex space is the closed convex hull of the set of its extreme points. In particular, if X is a reflexive Banach space, then B X = co(ext(B X )). However, it is well known that the unit ball of the space 0 has no extreme points, where 0 is the collection of all sequences of scalars that converge to 0, with the same vector space operations and norm as ∞ . Thus, it is rather interesting to compare this fact to the preceding proposition.
The frame of the unit ball is closely related to the notion of Birkhoff orthogonality. Let X be a Banach space, and let ∈ X . Then, is said to be Birkhoff orthogonal to , denoted by ⊥ B , if + ≥ for all ∈ R. It is known that Birkhoff orthogonality is not symmetric in general, that is, ⊥ B does not imply ⊥ B . More details about Birkhoff orthogonality can be found in Birkhoff [4] , Day [5, 6] and James [9] [10] [11] .
In [10] , James gave the following characterization of Birkhoff orthogonality. Some basic properties of the frame of the unit ball are collected in the following proposition.
Proposition 3.4.
Let X be a Banach space. Then the following hold: (i) Suppose that ∈ S X , and that ∈ ν( ). Then ∈ E( ) if and only if there exists ∈ ker \ {0} such that
(ii) Suppose that ∈ S X . Then ∈ frm(B X ) if and only if there exists ∈ X \ {0} such that ⊥ + B .
Proof. (i) First, we assume that ∈ E( ). To show that there exists ∈ X \ {0} satisfying + > 1 for all > 0, suppose contrary that for any ∈ ker \ {0}, there exists > 0 such that + = 1. Then, we remark that + ∈ F ( ) for all ∈ [0 ]. Indeed, for each ∈ [0 ], we obtain
Putting A = − + F ( ), then A is closed, convex subset of ker and 0 ∈ A. Furthermore, since ∈ A for all > −1 , the set A is absorbing in ker . Thus, we have 0 ∈ Int (A ∩ ker ) by Lemma 2.1, which implies that
Conversely, suppose that there exists ∈ ker \ {0} such that + > 1 for all > 0. Then, it directly follows from Lemma 3.1 that ∈ E( ).
(ii) This follows from (i) and Lemma 3.3.
(iv) This is an immediate consequence of (ii).
As a consequence of Theorem 2.2 and (iv) of the preceding proposition, we have the following corollary.
Corollary 3.5.
Let X be an infinite dimensional Banach space.
The following is our aim in this section. 
Topological properties
In this section, we study the topological properties of the frame of the unit ball. In particular, it will be shown that the frame of the unit ball is always closed. As an application, we see that the frame of the unit ball is connected if the dimension of the space is not less than three. The following lemmas are the key.
Lemma 4.1.
Let X be a Banach space, and let and be two distinct elements of SF(B X ). Then
In particular, if ∈ frm(B X ) then ν( ) must be a singleton.
Proof. It is clear that
we remark that ker \ ker = ∅ and ker \ ker = ∅ since = and ( ) = ( ) = 1. Suppose that ∈ ker \ ker .
, then ∈ ker \ {0} and
for all > 0. Therefore, ∈ E( ) by Proposition 3.4 (i). Similarly, one can show that ∈ E( ).
Lemma 4.2.
Let X be a Banach space, and let ∈ S X . If ∈ F ( ) \ E( ) for some ∈ ν( ), then ν( ) = { } and ∈ frm(B X ).
Proof. This directly follows from the preceding lemma.
We now prove that the frame of the unit ball is closed. We next show that the frame of the unit ball is connected if the dimension of the space is not less than three. For this, we need the following three lemmas. ) ∈ A for all ≥ 2, which implies that ∈ A since A is closed. First, we see the continuity of A on ker . Since B ker ⊆ A ⊆ 2B ker , one can easily have 1 2
Theorem 4.3.
Let X be a Banach space. Then frm(B X ) is closed in X .
Proof. It is enough to prove that X \ frm(B X ) is open. Let ∈ S X \ frm(B X
)
Lemma 4.4.
Let X be a Banach space with dim X ≥ 3. Suppose that ∈ SF(B X ), and that F ( ) \ E( ) = ∅. Then E( ) is a connected subset of frm(B X
).
Proof. Let 0 ∈ F ( ) \ E( ). Then, there exists a positive real number such that 0 + B ker ⊆ F ( ). Putting
for all ∈ ker . On the other hand, by the sublinearity of A , we obtain
for all ∈ ker . Replacing with , we have
for all ∈ ker . This proves that A is continuous on ker .
Next, we show that Int (A ∩ ker ) = { ∈ ker : A ( ) < 1}. From the preceding paragraph, it follows that { ∈ ker : A ( ) < 1} = 
for each ∈ [0 1]. Then, one has that κ is a path from to in ∂ (A ∩ ker ).
We shall omit the assumption that + = 0. If + = 0, then there exists ∈ ker such that { } is linearly independent since dim ker ≥ 2. Putting = A ( ) −1 , we have that ∈ ∂ (A ∩ ker ), and that { } is also linearly independent. Since + = 0 and + = 0, as in the preceding paragraph, there are two paths λ µ such that λ joins to and µ joins to . Putting
then κ is a path from to . Thus, the set ∂ (A ∩ ker ) is path-connected, whence it is a connected subset of A.
Finally, since the map → 0 + is a homeomorphism from ker onto −1 ({1}), and it maps A onto F ( ), we have that
is also a connected subset of frm(B X ).
Lemma 4.5.
Suppose that X is a Banach space. Let ∈ S X with + = 0, and let ( ) = (1 − ) + for each ∈ R. Then the following are equivalent:
Proof. Since 
Lemma 4.6.
Let X be a Banach space, let and be two elements of frm(B X ) such that { } is linearly independent, and let
Proof. Let 
Thus, we have α −1 ( 0 ) ∈ E( ) by Proposition 3.4 (i), a contradiction which proves α = 1. Now, we remark that ( ) = 1 for all
Moreover, from the fact that (( + )/2) = ( (1/2)) = 1, one can easily check that ( ) = ( ) = 1. Hence, by Lemma 4.2, we also have ∈ E( ). Now, we state the theorem. be an arbitrary sequence in A which converges to some ∈ X . Then, ∈ frm(B X ) since frm(B X ) is closed by Theorem 4.3. It follows from U ∩ V ∩ frm(B X ) = ∅ that A ⊆ X \ V , which implies that Cl A ⊆ X \ V since X \ V is closed in X . This and ∈ frm(B X ) ⊆ U ∪ V together imply that ∈ U. Therefore, we have ∈ A. This shows that A is a closed subset of X . Similarly, one has that B is also closed.
Suppose that ∈ A and ∈ B, and that ( ) = (1 − ) + for each ∈ [0 1]. We may assume that { } is linearly independent. Indeed, by Proposition 3.2, we have co(frm(B X )) = B X . So there exists ∈ frm(B X ) \ [{ }] since dim X ≥ 3. Replacing or with if necessary, we have that { } is linearly independent. Now, let 
Examples
In this section, we determine the frame of the unit balls of 0 and . We first consider the space 0 .
Theorem 5.1.
Proof. We first note that for any ( ) Proof. In the case of 1 < < ∞, the space is uniformly convex, and so is also strictly convex. This implies that
by Corollary 3.5. Thus, we have frm(B ) = S . So, we suppose that = 1.
Let 00 be the vector space of finitely nonzero sequences. Then, 00 is a dense subspace of the space 1 . Take an arbitrary ∈ S 00 . Then, has the form = (
We may assume that also has the form = ( 
Remark 5.4.
In a sense, the space 1 is similar to the space ∞ . For example, the spaces 1 and ∞ are neither strictly convex nor smooth. Moreover, each extreme point of the unit balls of 1 and ∞ is its vertex in a sense, respectively. Namely, one has that 
